APPENDIX A
PROOF OF LEMMA 1

To show the first property, we define the |X;| x (|&}] -
| Xl -+ |Xy|) matrix B, fori=1,...,d, as

VExalh) e
Bi(a}; 2% = Px, () if @ =
0 otherwise.
Then, one can verify that
B,
B=|:|[Bl B,],
B.

which implies that B is positive semidefinite.

To establish the second property, note that 1(°) is an eigen-
vector of B with eigenvalue d, and thus (4(@)" Byp(© = d.
Moreover, it is shown in [23] that the largest singular value
of Byj; is 1, i.e., | B, = 1, where ||-|| denotes the spectral
norm of its matrix argument.

Therefore, for ¢ = [w?, . ,wg
| X;|-dimensional vector, we have

d d d d
YBY =3 > I Birh; <O b - 1Byl - 11l

i=1j=1 i=1 j=1

= (Z:l; ||1bi||>2

d
<dS il = df]?

i=1

}T with each 1; being an

where the second inequality follows from the fact that the
arithmetic mean is no greater than the quadratic mean. Hence,
we have

Y By =d,

max
¥ =1

i.e., the largest eigenvalue of B is d.
To verify the third property, we construct 1)’ as

W = m ,

where 1, € RI*| is chosen such that (+},v;) = 0 and
||} ||? = 1, and where 0 is the (m — |X}|)-dimensional zero
vector. Therefore, we have (1',9(?) = 0 and ||¢'|* = 1.
Note that the second eigenvalue A(!) of B can be written as

A = max YT B,
1 (| ll=1,(%,p©)=0

which implies that AV > ()T By’ = ||[op}]|2 = 1.
To verify the fourth property, we define the (d — 1)-
dimensional subspace Scig as

d
Seig 2 {¢ = [alv?,...,advdT]T : Zai = o}. (A-1)
=1

Then, for all ¥ € Sig, from B;;v; = v;, it is straightforward
to verify that By = 0,,, where 0,, is the zero vector in

R™. Therefore, Sei is an eigenspace of B associated with
d — 1 zero eigenvalues. Since B is positive semidefinite,
without loss of generality we can assume that S is spanned

by (=4t 4p(m=1) which correspond to eigenvalues
Am—d+1) — . — \(m=1) — .

Finally, to establish the last property, foreach ¢ =1,...,m—
d, from (¢ (@) =0 we have

d

Z <1pi(€),'ui> = 0.

i=1
Therefore, from the third property, we have
<I¢'£E) , U1 > (%1
'l/J/ = . S Seig~

<¢£le)7 ’Ud> vq
Hence, we obtain (', 4()) =0, i.e.,
d
2
Z 1/11([)’ U; = 07
> (v v)

which implies that <¢§‘>7ui> —0fori=1,....d

APPENDIX B
PROOF OF THEOREM 1

First, we replace d by %62 for the convenience of presentation
when applying the local geometric approach. With this notation,
the constraint (2) becomes

1
I(U; X7) < e, (A-2)
with € assumed to be small. Then, it follows from (3) and (A-2)
that for all u, the conditional distribution Pya|;—, can be
written as a perturbation to the marginal distribution:

PXd|U(xd|u) = Py (xd) + €4/ Pxa (md)d)u(xd) (A-3)

where ¢,, can be viewed as an (| X ]-|Xz] - - - | Xy4|)-dimensional
vector. Moreover, it follows from the second order Taylor’s
expansion for the K-L divergence that

I({U; X% = Ey [D(Pxajy||Pxa)]
2B [llgu ] + o),

where || - || denotes the l3-norm. Thus, by ignoring the higher
order term of € as we assume € to be small, the constraint
I(U; X?%) < 1€ can be reduced to

Ev[ll¢ul?] < 1.

In addition, the objective function £(X¢|U) can also be
expressed in terms of mutual information:

(A-4)
D(Pxal|Px, -+ Px,) — D(Pxal|Px, -+ Px,|U)

d
=Y I(U; X3) - I(U; X% (A-5)
=1



and for each i, the mutual information I(U; X;) can be again
approximated as the [o-norm square

LBy [lapo ) + ofe?),

where for U = u, the vector v, , is the |X;|-dimensional
perturbation vector defined as

I(U; X;) =

Px,ju(@i|u) — P, (i)
Then, by ignoring the higher order terms of €, the optimiza-

tion problem we want to solve can be transferred to a linear
algebraic problem

%u(%) = (A-6)

d
max ZEU[H"/’LU“2] - Ev[llovl)-

A7
Eu(iéul”)<1 (A7

To solve (A-7), observe that Py, and Px,yy are marginal
distributions of Pxas and Pxay, thus there is a correlation
between ¢y and ; i:

PXd(l‘d)

which can be represented in matrix form as v; , = B; - ¢y,

L1y Ti—15Ti4150-,Td

where B; is an |X;| x (|&X1] - |Xa| - - - |Xy|) matrix with entries
VESTICONN T
By(a}; (21, ..., 7a)) = Px, (@) T (A8)
0 otherwise.
Therefore, if we define an (| X1 |+ - -+ |Xn|) X (|X1] - - - | X |)-
dimensional matrix
B,
Bo2 | : |, (A-9)
By
then since
d d
> Eolllvivl?] =Y EullBi - ¢ull®] = Ev[|IBo - dull’],
i=1 i=1
we can rewrite (A-7) as
max  Eyl||Bog - N—E 2. A-10
L max  Eul[Bo- dol?l - Eolléol.  (A10

Moreover, since ¢y is a perturbation vector of probability
distributions, by summing over all 2% for both sides of (A-3),
it has to satisfy an extra constraint

>/ Pxa(a®)gu(z?) =0, (A-11)
xd
which implies that ¢y is orthogonal to an (| X - |Xa] - - - | Xal)-

dimensional vector ¢(°), whose entries are \/Pxa(z4). In
particular, it is shown in [23] that ¢(®) is the right singular
vector of By with the largest singular value oy = v/d, and the
corresponding left singular vector is 1(?). In addition, it can
be verified that By satisfies BBl = B with B as defined
in (4). Therefore, the second largest singular value of By is
o1 = VA > 1, and the optimal solution of (A-10) is to
align the vectors ¢y—,, for all u, along the second largest

right singular vector of By.

It turns out that it is easier to compute the second largest
left singular vector of By instead of the right one. This is
equivalent to computing the second largest eigenvector of the
matrix BoB{ = B.

Now, the second largest right singular vector ¢! of B
can be computed as

1
oV(@%) = =By

1 d (1)
= \/ﬁ ( /P xd Z PX o )
=/ Pxa(z?) - <m2f ) (A-12)

where BJ (1) is a vector and (BJ4())(x?) is the 2%-th entry
of this vector. Since all the ¢y—,, should be aligned to ¢,
there exists a function h: U — R, such that

B $~ 10 ) + o)
mi:1 i i )

where the term o(e) comes from the local approximation we
made for (A-4). Therefore, the optimal joint distributions for
our optimization problem can be written as

9

de‘U(IEd|U) = de(l'd) <1 -+

Py xa(u, z%)
_ d eh(u) d Wy,
Py (u) Pxa(z%) H\/W,Zfl (i) | + o(e).

(A-13)

Note that if we sum both sides of (A-13) over all v € U,
then we have »_ ,, Py(u)h(u) = 0, which implies that h(U)
is a zero-mean function. Moreover, it is easy to compute
from (A-4) that the variance E[h?(U)] = 1. Finally, note that
the exponential family 77‘52%,, when ¢ is small, can be written
as

P — {PUm)Pde)

< A(l X;f(l ) (\/S):hem}
7 (A-14)

Since § = %eQ the proof is completed by comparing (A-14)
and (A-13).

APPENDIX C
PROOF OF THEOREM 2

First, we introduce a useful lemma (see, e.g.,
4.3.39, p. 248)).

[24, Corollary

Lemma A-1. Given an arbitrary ki X ko matrix A and any

k€ {1, ..., min{ky, kg}}, we have
k
M&%MHAMHF ;af, (A-15)



where ||-||r denotes the Frobenius norm, and where oy > -+ - >
Omin{m,n} denotes the singular values of A. Moreover, the max-
imum in (A-15) can be achieved by M = ['01 vk] Q,
where v; denotes the right singular vector of A corresponding
to oy, for i = 1,...,min{m,n}, and Q € R¥** is an
(arbitrary) orthogonal matrix.

To begin the proof, similar to Theorem 1, we replace
by Le2 and write the conditional distribution Pxajgr—_y»r as a
perturbatlon to the joint distribution Pxa:

Nu*) = Pxa(a?) + ey/ Pxa(a?) gy (27),

where ¢« is an (| X7 ]-|Xa]| - - - | Xy|)-dimensional vector. Again,
it follows from the second-order Taylor series expansion of
the K-L divergence that

I(U*; X?) = Eye[D(Pxajye || Pxa)]
(60 1°] + ().

k, the conditional distribution

€ \/ PXd (xd)(ﬁuz (xd)a (A'17)
and we have

1 X%) = 2Bu, [l o] + o(e)

Therefore, by ignoring the higher order terms of ¢, the first
constraint can be reduced to
’

: 2}2...

Moreover, due to the independence and conditional indepen-
dence among the U*, ¢,,» and ¢,,, satisfy

Pxajpe(z (A-16)

1
= §€2EU)€

Similarly, for all : = 1,...,
Pxa)y7,—y, can be written as

Py, (@%u;) = Pxa(z?) +

1> Ey, ||

> Ey, ||

k
Gur =Y _ pu, +o(1 (A-18)
i=1
and
(Puy, Gu;) =0, forall i # j,u; € Us,uy € Uy, (A-19)

Indeed, we have

d k|..d
xd\uk) _ ]DX"’(Qj )PUk\Xd(u |.T )

PUk (Uk)

k d
Py, ixa(uilz®)
= Prae) [[ =5 5
i=1 Uil®i

Px o+ (

which implies

Px, o+ (z?|u®)
de (l’d)

H P Xd|U |Uz
de fEd ’
(A-20)
Substituting (A-16) and (A-17) into (A-20) then yields

V/Pxa(x?) Pxa(z?) |’

& Puyxalu
_H o

=1

k

=11

i=1

1+e€ 1+e€

and via comparing the e-order terms for both sides we obtain

(A-18).
To obtain (A-19), note that from (A-17), for all ¢ # 7,
u; € U; and u; € U;, we have

€ (Pus Du;)

= Z b, (29)fu, (2) (A-21)
: Z(de [P (#us) — Praa®)]
. [PXd‘Uj (l‘d"U/i) — de(xd)}> (A—22)
_ Pxay, ($d|ui)PXd\Uj ($d|uj)
= Z; Prs (@) -1 (A-23)
PUile (ui|$d) ' PUj|Xd (Uj|xd) 1

_ 24y
= %:de( ) PUi (Uq)

1
=—-—mmmmmm E P AR
Py,u; (ui, uy) = xal
1

PUj (’U,j)
NPy, xa (i, uilz?) — 1

(A-24)
p— O7

where to obtain (A-24) we have again exploited the indepen-
dence and conditional independence of U; and Uj.

In addition, the objective function £(X?|U*) can be ex-
pressed as [cf. (A-5)]

D(Pxa|Px, ...Px,) — D(Pxal||Px, ... Px,|U")
d
=Y I(U* Xx;) - I(U*; X4
=1
d k
=Y 10" X)) - > 1(U; XY, (A-25)
i=1 j=1

where to obtain the last equality we have used the fact that

Pyrxa(U"|X9)
I(U* X4 =E log ———— > A-26
( ? ) UkXd Og PUk (Uk) ( )
k
Py, xa(U;| X9)
=E lo 1 (A-27)
Ukxad ‘7:21 g PUj (UJ)
k
= Z I({U; X%, (A-28)
j=1
and where (A-27) follows from the facts that Uy, ..., Uy are

mutually independent and are conditionally independent given
x4,

For each i, the mutual information I(U¥;X;) can be
approximated as

(U X;) = %G2EU*= s 7] + o

where for U* = u¥, the vector 9, ,,» is an |X;|-dimensional
perturbation vector defined as

€,

Px, o (@i|u®) — Px, (z;)

e/ Px, (z;)

qzbi,uk (xl) =



Therefore, by ignoring the higher order terms of e, the
maximization of total correlation can be rewritten as

d k
max > Ey [||¢i7UkH2} - Eg, {||¢U1H2}
u i—1 i—1
’ (A-29a)
subject to: 1 > Ey, [||¢U1||2] > >Ey, [H(ﬁUkHﬂ
(A-29b)
1% J,u, € U, u; €U
(A-29¢)

<¢u_7~,¢<0>> =0,Yu; €U, j=1,....k
(A-29d)

<¢uu¢uj> =0,

k
Gur =Y Pu,,Vub €U X - XUy, (A-29¢)

j=1

To solve (A-29), first observe that we have ¥, ;» = B; @y,
where B; is as defined in (A-8). Then, the objective function
(A-29a) can be rewritten as

d k
EEW s 7] *ZIEUj e, ]
= p

d k
=Y B [IBigoe P = Y B, [[low,|P] a-30)
i=1 j=1
k
= Eus [[Bosonl’] =Y Eo, [llow|] (a3
j=1
k 2 k )
=B ||[>Bodu, || | =D B, [leu|] 432
j=1 j=1
k ) k )
= Z]EUJ [HBO(;ij” } - Z]EUJ [H¢UJ” } (A-33)
j=1 j=1
k
= > Eu, [[[Bocu, || — [0, ] (A-34)

where By is as defined in (A-9). To obtain (A-33), we have
used the fact that, for ¢ £ j,

Ey [0, Bg Bodu,] = (Ev, [¢v.])" By Bo (Ev, [¢0,])
=0,

where the first equality follows from the fact that U; and Uj;
are independent, and the second equality follows from that
EUi [¢U'i] =0.

To maximize (A-34), ¢,, should be aligned to the same
direction for all u; € U;. Otherwise, we can align all ¢, to

||B()¢ui 2

w2

fixed, which yields a larger value

arg max

bu,  ui€U;

while keeping Ey, [||¢u,
for the objective function.

Therefore, for each ¢ and u; € U;, we can write ¢,,, as

?]

(A-35)

where h;: U; — R and ¢; is a unit-norm vector. Then, we
have EUi [QSUJ = EU,i [hz(Uz)]¢z =0 and

Ev.[llpu. |I*] = Ev, [ (U3)], (A-36a)

Ev,[Bodu,|*] = Eu, [h7 (U] Bogil*. (A-36b)
Now, the constraint (A-29b) can be reduced to

1> Ey, [h{(U1)] > -+ > By, [h7(Uy)). (A-37)

In addition, it follows from (A-36) that Ey,[||Bo¢u,||*] —

Ev, [llouv,|1?] = Eu,[h2(U;)) [||B0¢1-H2 — 1]. As a result, to
maximize (A-34), h; should be chosen such that

1 if |[Bog> > 1
0 otherwise.

Ev, [h7(U:)] = {

Then, from (A-37) there exists kg € {1,...,k} such that

Ey, 13 (U:)] = {1 =10k (A-38)

0 > ko,

and the objective function (A-34) can be reduced to

k ko
> Eu, [ [Bodus | — b, ] = > IBogsll” ~ ko
j=1 j=1
= |Bo®ol;: — ko,

Do) -

As a result, the optimization problem (A-29) is equivalent
to

where we have defined ®o £ [¢;

max |Bo®ol|3 — ko (A-39a)

0

subject to: @) &y = I, (A-39b)
® o =0,,, (A-39¢)

where I, is the identity matrix of order kg, and Oy, is the
zero vector in R0, In addition, since (;5(0) is the first right
singular vector of By, (A-39) can be further reduced to

. 2
max HB0<I>0H — ko (A-40a)
@0 F
subject to: ‘I’g@o =1, (A-40b)
where By £ By — VA0 (¢(0))T.
From Lemma A-1, the optimal value of (A-40) is
ko ko ‘
SAD k=3 [/\(“ - 1} . (A-41)
i=1 i=1

To maximize (A-41), ko should be chosen as the largest ¢
such that A\(® > 1, ie., ko = min{k, k*}. In addition, the
optimal ® is ® = [¢V) ¢F0)] Q for Q € Rkoxko
with QTQ = I,. Hence, we have

ko
b= gV
j=1

Following the same derivation as that for (A-12), we can



express ¢\7) as
t he € He, Q = [Qi5]ko ke, QT Q = I,

¢ (a) Z £ (@,
/Pxa(z9) \/MJ P (A-44)
and thus Since § = %62 the proof is completed by comparing (A-44)
and (A-43).

Qg(]) qje (J
N Z gje - 5 Z = Z £ ().
v PXd * =1 v (2 =1 VAY APPENDIX D

JOINT CORRELATION MAXIMIZATION
Then, it follows from (A—35) that . )
For functions L X;—RF i=1,...,d, we define ¥; €

d

¢ue( _ Z qje Z f(])(x) (A-42) RI¥i1X% such that the row vectors of W are /Py, (:cz)i;r(zz),
\ /PXd(xd VG = ‘ for all z; € X;. Furthermore, we define the m x k matrix ¥ as
v = [\IllT 'Ild} . Then the optimization problem (12)

for £ =1,...,ky. Moreover, from (A-29¢), we have can be rewritten as

- - "BV A-45

¢uk :Z¢ue :Z¢u@; \I;:\I:[jneaféinxk tr{ } ( i a)
=1 =1 subject to: Wl wv; = 0y, for all i (A-45b)
where the second equality follows from the consequence of AR . (A-45¢)

(A-35) and (A-38) that ¢, = 0 for £ > k.
where 0y, is the zero vector in R¥, and I, is the k x k identity

Therefore, matrix. To establish the equivalence of (12) and (A-45), note
k that we have
bura?) gy, (a)
Pxa(x?) 57 Pxa(z?) Ty = Z I, = Z Z Py, (z:)f z)fT(xz)
ko e d ) i=1 x;EX;
= th Uy Z ](A) (@),
= VAV S = Z]E [ii(Xi)iiT(Xi)}
which implies =t J
PXd‘Uk (;pd|uk) =K [Zfl(xz)f?()(l)]
(od i=1
= Pxa(a?) |1 +¢ Pu (&) +o(e) and
Pya(x4) i d
ko ko d T _ T
) . tr{¥v B¥! = tr{w, B,;;¥;
= Pya(z®) |1+ €>_ hy(ug) q;fj) ST )| +ole) { } ;; { el
=1 j=1 i=1

and

itr {107 (x]}

PXdUk (l‘d Uk)

d
=2
=1
d
k =
= Pya(x H ;

tr {E
tr

S

7]

=tr {f}E £ (X0 s (x| }
=1

£ £7 )] |
E[f,(X0 T (5]}

f“(m» +o(e).

HM&

ko ko
1+eZhg(ue Z

(A-43)
+ Y {E [0 0]}
Finally, note that the exponential family Pexp x> When ¢ is 7
small, can be written as -
. =k+E ;L (Xi)f,(X;)
5 Py
P =1 Pxalz H 7
j=1 From Lemma 1, for £ < m—d, the solution of (A-45) can be
ko ko d represented as ¥* = [1/)(1) e 1/)(’“)] Q, where Q € RFxF
is an orthogonal matrix. Therefore, the optimal solution of (12
VIS )Y s 3 )| i onthogons i Thrtors,the il sl of (12
=1 = P ponds to f; withi=1,...,dand £ =1,... k.



APPENDIX E
COMMON BITS PATTERNS EXTRACTION

First, we define ¢y, as the largest ¢ such that w(7;) > 0,
i, lpax = max{l: 0 < ¢ < 2" — 1,w(Jy) > 0}. Then,

w(Je) > 0 is equivalent to ¢ < {p.x, and (14) can be
equivalently expressed as

)\(Z) = U)(j[), 14 S gmaxa (A'46)

and

MO =0, 0> lhax. (A-47)

Note that (7) establishes a one-to-one correspondence
between the functions fi(z) t=1,...,
With this correspondence, we use /(9 to denote the vector
corresponding to the functions fi(e) as defined in (15). Then

the proof can be accomplished in two steps. First, we show that

PO (L =0,... lhax) are (bmax + 1) orthogonal eigenvectors
of B assoc1ated Wlth eigenvalues w(Jz) (0 =0, ..., lmax), 1.€.,
for all 0 < £ < lpax and 0 < ¢/ < lhax, the 1/; ’s satisfy

By = w( )@ and  ($O, 5 = b, (A-48)

where §yp is the Kronecker delta. Then, it suffices to verify
that all other eigenvalues of B are zeros [cf. (A-47)].

To begin, we equivalently express (A-48) using fi(e) as

d
S E[f0X))

X,| = w(7) £ (x

), 1<i<d

and

ZE[ FOx

Then, since we have [cf. (13)]

D) =

d d
Z]I{JZCL‘} = Z]I{JeCIj} = w(Je),

i=1 j=1

it suffices to show that

(1% = 5000 Agery, 120524,
(A-51)
and
/ 1 .
©(x .y £ _VYgezy o oo
B[00 (x0] = S S5 dw, 1<is<d
(A-52)

To obtain (A-51), note that if 7, ¢ Z;, it follows from (15)

that fj(X j) = 0, and thus (A-51) holds. Otherwise, we have
ﬂ C Ij and
E [qua(xj)’)g] ﬁ lH b, 1 . (A-53)
se€Je

Since X; = bz, is composed of all the b,’s with indices in Z;,

d) and the vector (0.

we have
[[b: itzcz
E lH bs Xi] = se,
SETe 0 otherwise.
Therefore, we obtain
E | £9x;)|X; IT ®- ]
J J d /7
|: :| seTe
H by if Ty CI;
= vV W 96-72
otherwise
[ )
= f ’( X;) = f0(X:) Uger,y -

Likewise, (A-52) follows immediately from (15) when ¢ =
¢', and it suffices to consider the case ¢ = ¢’ and prove that

B[ x) 1" (x)] =o.

Indeed, when Jy, ¢ Z; or Jp ¢ I;, (A-54) is trivially true.
Otherwise, we have J; C Z; and Jy C Z;, and it follows from
(15) that

fz‘(Z)(Xi)fi(Z/)(Xi) =

(A-54)

1
— b"
w(Te)w(Te) jeJH Tor ’

where “/A\” denotes the symmetric difference of two sets, i.e.,
ANANB=(A\B)U(B\ A). Therefore, we have

B[00 = Eft;] =0,

1
W jejg Te

where we have used the fact that the set (Jy A Jp/) is non-
empty, since J; # Jpr.

Finally, to prove (A-47), i.e., eigenvalues other that w(Jy)

=0,...,0nh.) are all zeros, note that
Lrnax 2" —1
YowlT) =Y wd) =Y w@)
£=0 £=0 zc[r]
d
= Z Z]I{ICIi}
IC[T] i=1
= Z Z Lizczy
i=1ZC[r

= 22@' = Z x| =
3 i=1

On the other hand, we have the sum of all eigenvalues

m—1

> AO =t (B} =m.

£=0

From Lemma 1, all eigenvalues of B are non-negative, which
implies (A-47).
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where we have used the fact that
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