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INTRODUCTION



REVERSE A NEURAL NETWORK

Use X to predict Y Use Y to predict X
X Y Y — —| X
Hidden Hidden
Input  Layers Output Input  Layers Output

What do they have in common?



NEURAL NETWORK AND M-PROJECTION

Softmax Output
oM ()9 +b(y)
Zy’e‘a of T (x)g(y")+b(y")

[I>

ISY\X(V‘X)

Input

Hidden Layers g\

T

Maximum likelihood estimation

(f,g,b)" = argmax Ep, , [Iog IBY‘X(Y|X)}
f,9,b

= arg min D(PX’YHPXIB”X)
f,.9.b



GENERALIZED SOFTMAX LEARNING

Use X to predict Y Use Y to predict X
Feature Feature
fX) q(v)
Weights Weights
. an |" U e
Hidden Hidden
Input  Layers Output Input  Layers Output
Pyx(vI¥) o< exp(fT (x)g(¥) + b(y))  Pxv(Xly) o< exp(g™ (V)f(X) + a(x))
minimize D(nyy|ypxﬁy‘x) minimize D(P)QyHPyISX‘y)

Generalized softmax learning

minimize D(Pxy||Qxy)

Quy(x,y) o exp(fT (x)g(y) + a(x) + b(y)) ’



GENERALIZED SOFTMAX LEARNING



GENERALIZED SOFTMAX LEARNING (GSL)

The M-projection of Py y onto

€r £ {Quy: Qey(x,Y) o< exp(fT(x)g(y) + a(x) + b))},
wheref: X - Rf g: Y > RF a: X - R,b: Y = R

Me, (Px.y) = arg min D(Px.v||Qx.y),
Qx,y€p
Stationary distributions &): V =0
Qx = Px, Qv = Py,
Eqy, [f(X) [ Y] = Eey, [f(X) | Y],
Eqy, [9(Y) [ X] = Ee,, [9(Y) | X] -

PxPy € €} 4



GEOMETRIC STRUCTURE

Pythagorean theorem

Pxy

Y Qxy € €% D(Px.y||Qx.y) + D(Qx.y||PxPy) = D(Pxy||PxPy).

PxPy € Mgh(Px’y) <— X1Y



GEOMETRIC STRUCTURE

Stationary distributions &)

Qxy € €) = Qx = Px,Qy =Py

Different distribution families

e

=<

- &): stationary distributions
& - Mg, (Pxy): GSL solutions

+ &k > Qxy € &, Qx = Px

- &)+ Qxy € &, Qy = Py

Er

Me, (Pxy) = Mg);(PX,Y) = MgZ(PX,Y)



EQUIVALENCE OF SOFTMAX LEARNING PROBLEMS

Use X to predict Y <> Mex(Px.y) Use Y to predict X <> Mer(Pxy)

Feature Feature
19 a(v)
Weights Weights
X ot |" U1 T
Hidden Hidden
Input Layers Output Input Layers QOutput
Pyx(vIX) oc exp(f (x)g(v) + b(¥))  Pyv(xly) o< exp(g™ (¥)f(x) + a(x))
minimize D(Px,y||PxPyx) minimize D(Px,y||PyPyy)

Generalized softmax learning < Mg, (Px,v)

minimize D(Px y||Qx.y)

Qx,v(%,y) o< exp(fT (x)g(y) + a(x) + b(y)) 7



SYMMETRY IN NEURAL NETWORKS

Symmetry between a network and its reverse network

Feature Feature
fX) g9(¥)
ol Weights y vl Weights .
g9(Y) fX)
Hidden Hidden

Input  Layers Output Input  Layers Oufput



SOLUTIONS IN LOCAL ANALYSIS REGIME

Local analysis regime

Px7y =~ P)(Py
The B matrix
p
Bxy(x,y) £ xv(%Y)
v Px(})\/Py(y)
Solutions

f*(x) <> Left singular vectors of By y
g*(v) <> Right singular vectors of By y



SIMULATION RESULTS




SIMULATION

Reverse network*

Original network

Feature g(Y) —
fX)
Weights,
Weights = X
X X
g9(Y) f(X)
Hidden ||
Input  Layers Output Input Output
0.4F
0.2}
O |
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SUMMARY




SUMMARY

- Equivalence of softmax learning problems
- Discriminative <+ Generative
- Asymmetric <> Symmetric

- Symmetry in neural networks
Feature

%)

Weights
g(v)

Hidden
Input  Layers Output
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