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Abstract—While it is commonly believed that estimating the
small singular modes for a nearly low-rank matrix requires
more samples, the sample size needed is generally unclear. In
this paper, we investigate this sample complexity by considering
the difference between the estimation errors of estimating a
matrix with or without estimating these small singular modes.
Specifically, we develop a mathematical framework based on the
matrix perturbation analysis to characterize the noise level of
estimating small singular modes by n samples. In particular,
we show that under mild assumZptions on the sample noise,
it requires at least n = O(n~~) samples to well estimate
the singular modes with the singular value in the order of
some small 7. More importantly, our results are applied to the
channel state estimation and Hirschfeld-Gebelein-Rényi (HGR)
maximal correlation problems, from which we characterize that
for how many samples, utilizing the low-rank approximation in
these problems are beneficial. Finally, numerical simulations are
provided to verify our results.

I. INTRODUCTION

The low-rank approximation method has been widely used
in information theory [1], machine learning [2], [3] and related
applications, with benefits from two main aspects. Firstly, the
implementation of low-rank approximation requires much less
storage and computation resources than dealing with the full
matrix and thus can be applied in the scenarios with limited
resources [4]. Secondly—and perhaps more importantly—the
low-rank approximation can be used as an approach for noise
reduction, with applications in image denoising [5] and channel
state estimation for MIMO (multiple-input multiple-output)
system [6]. In particular, since the low-rank approximation
method truncates all the small singular modes in the data, the
noise in these modes is also eliminated. Specifically, when
the estimation is based on data samples, these small singular
modes can be extremely sensitive to the sample noise, and thus
cannot be well-estimated, especially when the sample size is
insufficient. Therefore, the performance gain from low-rank
approximation can be used to equivalently characterize the
sample complexity in estimating the small singular modes.
As a motivating example, in the Hirschfeld-Gebelein-Rényi
(HGR) maximal correlation problem [7]-[9], with given data
samples, the goal is to estimate a normalized joint distribution
matrix, called the canonical dependence matrix (CDM) [1].
With infinite number of samples, the empirical distribution of
samples coincides with the true joint distribution, and the CDM
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can be accurately estimated. However, when the sample size is
relatively small, the empirical distribution-based estimation is
typically outperformed by its low-rank approximation, and this
performance difference essentially characterizes the number of
samples required to estimate those small singular modes.

In this paper, we characterizes this sample complexity
problem, via considering the difference between the estimation
errors of estimating a matrix with or without estimating
these small singular modes. To this end, based on the matrix
perturbation theory, we first develop a mathematical framework
to characterize how much the small singular modes are polluted
by the sample noise. In particular, for nearly low-rank matrices
with small singular values of the order 7, we provide non-
asymptotic characterizations on the regimes of the number n
of samples such that the small singular modes can be well-
estimated with high probability. Specifically, we demonstrate
that under mild assumptions on the sample noise, n = 0(7772)
samples are required to estimate the small singular modes of the
order i) well. Moreover, we apply our results in channel state
estimation, and the Hirschfeld-Gebelein-Rényi (HGR) maximal
correlation problem, which illustrates the sample complexity for
estimating small singular modes, and also provides the criteria
in deciding whether or not to adopt the low-rank approximation
method in practice. Finally, numerical simulations are provided
to verify our results.

II. PRELIMINARIES AND DEFINITIONS

Let A € R™ ™ denote the nearly low-rank matrix to
be estimated, and suppose it is generated by some matrix
Z € R™ ™ that can be observed via A = 7(Z), with 7(*)
representing a known mapping, e.g., the mapping from joint dis-
tribution to the CDM in the HGR maximal correlation problem.
Then, with n i.i.d. samples ZW . Z™ the estimation A is
obtained via A = 7(Z), where Z £ L 57 Z() represents
the sample mean. In particular, we assume the samples z
satisfy E |Z)| = Z and' cov(vec(Z¥) — Z)) = R. In
addition, we characterize the mapping 7 by its gradient via

lHere, we apply the vectorization operation vec(-) to stack all columns of
a matrix into a vector. Specifically, for W = [w;;] € RP*Y, vec(W) is a
pg-dimensional column vector with the [p(j — 1) + i]-th entry being w; ;.



defining the m;my X mym, matrix L with the entry at
[(j — 1)my + i]-th row and [(j' — 1)my + 4']-th column being
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Moreover, suppose that A has £ dominant singular modes,
with the singular value decomposition (SVD)
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where U, and V, are the left and right singular vectors of the
dominant £ modes, U | and V| denote the singular vectors for
the small singular modes, with 3., 33| being the corresponding
singular values. Specifically, we assume that X, = 13| where
n > 0 is a small quantity representing the order of the small
singular values. In addition, we denote oy 2 |, | > 0,

where || - || denotes the Frobenius norm.
Similarly, the SVD of A is denoted by
A=[U fj]i’“ 011V, 3)
= Uldlo g, ] (v

then the rank-k approximation Ak of A can be expressed as
A, =03, Vy. “)

To measure the performance of a given estimation A’ of
A in approximating A, we use d(A’, A) as the metric with
d: R™ 7™Mz 5 R™*™2 R Without loss of generality, we
assume that d(A’, A) is twice differentiable with respect to
A’, and d(A’, A) > 0 with equality if and only if A" = A.
Then, for given = and a small €, with

A" = A +€eE+ o(e), (5)

the second-order Taylor series expansion of d(A’, A) with
respect to A’ at A’ = A can be expressed as

2
d(A' A) = %VGCT (Z) Hessy vec(E) + o(?),  (6)
where Hess,; € R"™2*™1™2 represents the Hessian matrix.

Then, the sample complexity of estimating the small singular
modes U | 3 lV 1 of A can be equivalently characterized by
the difference of estlmatlon errors d(A A) —d(A,, A), since
A= Ak +U n by J_V 1 differs from Ak only in whether or
not the small singular modes U n by J_V | are estimated. In this
paper, we are interested in characterizing

b, 2P, {d(A,A) > d(Ay, A)} : %

and particularly the regime of n such that p,, is close to either
0 or 1, where the probability P,{-} is measured by n i.i.d
samples Z(l)7 ey Z™. For this purpose, in the following we
develop a mathematical framework for computing the difference
d(A,A)—d(A,, A) for some small perturbation A— A, which
corresponds to the practical scenario of large sample size n.

III. THE PERTURBATION ANALYSIS

For a given matrix A’ as defined in (5), let A}, denote the
rank-k approximation of A’ defined similar to (4), and we
have the following characterization of d(A’, A) — d(A}, A)
for A’ close to A.

Lemma 1. We have

2
=5 vee! ()T, vec(E)

2
s vec”
2

(U, 3, V1) Hess vec(U 3, VT)
+envec (U, 2, V1) Hess, (I — G) vec(E)

+o(e +1°), ®)

where J; & Hess; —(I — G) Hessy(I — G), and where we

have defined the projection matrix G £ (VJ_VI) ® (UJ_UI)
with “®” denoting the Kronecker product.

Proof. From (5)—(6), we have

d(A/a A) - d(A;m A)
2
= % vec! (2) Hess, vec(E)

1
~5 vec' (A}, — A) Hess, vec(Ay — A) + o(? + ).

(€))
To reduce (9), we first establish the rank-k matrix Aj, using
the matrix perturbation analysis. To this end, note that A’
can be expressed as A=A, +N, with N2 A" - A, =
nU | X lVI + €2 + o(e) denoting the perturbation term. Let
U’, V' denote the matrices composed by the first & left and

right singular vectors of A, respectively, then it follows from
[10] that

ULU" = U U - U,Q,Q{ U, — U,Q,UT
~U,QIU}; +U,Q{Q,UT +o(e)
= U, U} +esym(U, B ' VIETU UL + o(e),
Q, +

~2ULNV, V])N'U |, and for
£ M+ M. Similarly, we have

where we have defined Q; £ _211‘ Vk NT UL, Q=
(B, 'ViNTUz Vi
square matrices M, sym(M)

V. Vi =V, V] 4+ esym(V, S ' ULEV V) + ofe).
Therefore,

(ViVi') ® (UiUL)

= (ViVi) ® (U, Uy)

+e[(VeVy) @sym(U, B, 'VIETU, UT)
+sym(V, B, 'ULEV, V] @ (U, UL)] + ofe)
= Gy, + €T + o(e), (10)

where we have defined G, 2 (V,V{) ® (U,U}) and

2 (V, Vi) @sym(U, S, 'ViE U, UT)



+sym(V, 2, 'ULEV V) @ (U, UL).

Also, note that
G, vec(UkEkVE) = vec(UkEkV;f),
Grvec(U, 2 V) =Tvec(U, =, V) =0,

and
T vec(Uy X, VYY)
T T T T
= VeC(UJ_UJ_:Vka ) + VeC(UkUk :;VJ_VJ_),
where we have used the fact that (M; ® M,) vec(M3) =
vec(Mj M3;M,) for matrices M, My, M3 with compatible

dimensions.
Then, we have

vec(Ay) — vec(A

= vec(U kfj Vka) vec(A)

= (Vi v E) (UkUk ) vec(A /) vec(A)
= (V Vi) @ (U, U ) (vec(A) + e vec()) — vec(A) + o(e)
= (Vi Vi) @ (U, 0}) — I vec(U, 2, Vy)

+0[(Vi Vi) @ (0, 05) —T)vec(U, 2, V)
+e(ViVi) ® (U, U) vee(E) + ofe)
= (Gj + eI = T)vec(U, X, Vy)
+9(Gy + L —I)vec(U, =, VT)
+ (G + €I) vec(E)e + o(e)
= —nvec(U, V] + €I — G)vec(E) + ofe). (11)
Finally, from (9) and (11), we obtain
d(A/a A) - d(A;m A)
2
= % vee! (B)J, vee(E)
+envec' (U, 2, V) Hessy(I — G) vec(E)
2
— % vec (U, %, V1) Hess;vec(U, % V1)
+o(e +1°). (12)
O

In particular, it is natural to require that the low-rank
approximation Ak outperforms the original estimation A when
the small singular values of A is much smaller than the noise
level, ie., d(A’, A) —d(A}, A) > 0 if = o(e). In fact, from
Lemma 1, if n = o(¢) we have

2
d(A',A) — d(A}, A) = % vecT (B)T 4 vec(E) + o(é?).

Therefore, J, is required to be positive semidefinite, and we
have the following result.

Proposition 2. The matrix J; is positive semidefinite if and
only if

Hess; G = G Hessy, (13)

and in this case we have

d(A/a A) - d(A;m A)
2
= % vee! (2)G Hess,; G vec(E)

2
— % VecT(ULE_]LVI) Hessy Vec(ULE_JLVI)

+o(e® +1?). (14)

Proof. The “if” part of the claim is immediate. Indeed, note
that since G = G2, it follows from (13) that

G Hess,; = G? Hess,

= G(G Hess,) = G(Hess; G) = G Hess, G,

and, similarly,
Hess; G = G Hess; G.
Therefore,
J; =Hessy —(I— G)Hessy(I— G)
= G Hess; + Hess; G — G Hess; G

= G Hess; G, (15)

and thus is positive semidefinite.

For the “only if” part of the claim, for all x € R™"2 and
t>0,let w2 Ga — t(I — G)Hess; Ga. Then, since J; is
positive semidefinite, we have

0< wTde

= w" [Hessy —(I — G) Hess, (I — G)] w
T |G Hess (I — G) + Hess, G] w
= wT[Hessd Gz — tG Hess,(I — G) Hess,; Gz]
= 2" G Hess; Gz — 2tz G Hessy(I — G) Hessy; Gz
— 2" G Hess; Gz — 2t||(I — G) Hess, G|

Note that since ¢ can be arbitrarily large, we must have

(I — G)Hessy Gz|| = 0 for all =, which implies that
(I — G)Hess; G = O. As a result, we obtain
Hessy; G = G Hessy G = (G Hess, G)T
= (Hess; G)* = G Hess, .

Moreover, if Hess; G = G Hess;, we have

(I — G) Hess; = Hessy; —G Hessy

= Hessy; — Hessy G = Hessy(I — G).  (16)
Furthermore, note that since
G(Vo@Uy)=(V.V1)® (U UL)(VLeU,)
=V, oU,,
we have
I-G)(VieU)=(Vo.eU,)- (V. eU,)= (()1-7)



Therefore, we obtain

vec (U, 2, V1) Hessy (I — G) vec(E) (18)
= vec' ()(I — G)Hessyvec(U, 2, V) (19)
= vec' (B) Hess (I — G)(V, @ U ) vee(D) (20)
=0, 2D

where to obtain the second equality we have used (16), and to

obtain the last equality we have used (17).
Finally, from (8), (15) and (21) we obtain (14) as desired.
O

As a special case, note that the square error d(A', A) =
|A’ — A7 with Hess; = 21 satisfies the condition (13). In
general, the metrics d(-,-) satisfying (13) would depend on
A since G = (V, V1) ® (U, UT) depends on A. For the
simplicity of exposition, in the remainder of this paper we
will restrict our attention to the square error, and the results
for general metrics with (13) can be similarly obtained. In
particular, we have the following characterization for the square
error.

Corollary 3. We have

IA" = Allf - [|A} — All

= S ULEV L& — n*0f + o(e” + 7).
In addition, if A" satisfies A" = 7(Z') for some Z' with
|Z' — Z||g < Ce, where C' > 0 is a constant, then we have

IA"— AllE — A} — Al

(22)

= |Evec(Z' — 2)|* = 108 + o + %), (23)
where L is defined as
L2(VI®UL. (24)

Proof. When d(A’, A) = |A’ — A||}, we have Hess, = 21,

and it follows from (15) that
J;=GHess; G = 2G? = 2G.
Therefore, from (14) we have

1A~ AllF — AL — Allf

2
€

=3 vee! (2)G Hess, G vec(E)

2
— % vec' (U, 2, V1) Hessyvee(U, 3, VT)

+o(€ +n°)
= vect (B)G vee(B) — *|U L V1 |E + o(e + 1)
= E[ULEV. [p — ooh +o(e® +),
where to obtain the last equality we have used the facts that

vee! (B)G vec(E) = vec (E)(V, V1) @ (U, UT) vee(B)

=vec' (E)(VL @ U)(VI ® U]) vec(E)

(V] ® UT)vee(®)|? (25)

(26)
27)

[vec(U 2V |?
[utev,|;

and
- _
U S, VIE= 2.7 =00

In addition, when A’ satisfies A" = 7(Z’) for some Z' with
|Z' — Z||p < Ce and C' > 0 being a constant, we have

vec(A') = vec(1(Z +Z' — 7))
= vec(7(Z)) + Lvec(Z' — Z) + o(e)
= vec(A) + Lvec(Z' — Z) + o(e).
Then, from (5) we have
= Lvec(Z' — Z) + o(e).
Therefore, from (25) and (27) we have

evec(E)

eQHUrf_EVJ_Hi = H(VJT_ ® U}:)(evec(E))H2
= |(vT @ UT)Lve«(Z' - Z)||” + o(e?)
= HI? vec(Z' — Z)H2 + o(e?),
and thus (23) follows. O]

As an immediate consequence of Corollary 3, there exist
constants €, > 0 and 7, > 0, such that for all Z’ with ||Z’ —
Z||p < €y, we have

2
2 vecz ~ 2 - Tt

<A~ Allf — |A% — A}

4, = / 2 2772 2
< g||Lvec(z - 7)| - 5% (28)

which will be useful later in the characterization of (7).

IV. MAIN RESULTS

In this section, we investigate the sample complexity of
estimating small singular modes of A, via the characterization
for the probability p,, as defined in (7). In particular, we are
interested in the regime of n such that p, >1—4J or p, <6
for some small §, corresponding to the case where the small
singular modes dominate the sample noise, or conversely.

To begin, note that for 7, and ¢, as defined in (28), and
n € (0,19), we have

=, {|A Aui}

“A_Aﬁ> 2112 2§£}
>P, {HLvec(Z - Z)H > ool ||Z - 2|2 < 60}
> I—Pn{HLvec(Z—Z)H <2772cr§}

-P, {2z > ¢}

where L is as defined in (24), where to obtain the second
equality we have used (28), and where to obtain the last equality

(29)



we have used the fact that for two events E; and F5, we have
P{E,NE,} =1-P{EiUE}} > 1-P{E} - P{E}}, with
E1 and F4 denoting the complementary events of £, and E,,
respectively.

Similarly, we have, for all ) € (0,7),

P =P {IA - A} > |Ax - AlF}

:]}Dn{

+P, {IIA - Al > A - Al |2 - 2]} > &}

A-All>

2
iy

|Ax — Al

77|} < &)

<P, {HLvec(Z - Z)H2 > %rﬁ’aﬁ, |1z -z} < 63}
+B, {2 -2|; > &}

<P, {Hivec(z - Z)H2 > ;n%-g}
+P, {|2-2|; > &} (30)

where to obtain the first inequality we have again used (28).
Therefore, to obtain p,, > 1 — ¢ it suffices to choose n such
that

P, {HLWC@ 7)< 277203} <% e
and
. 5
P.{|Z-2| >} <35 (32)

Similarly, to obtain p,, < ¢ it suffices to choose n to satisfy
(32) and

2 2 (33)

As a result, it suffices to establish (31)—(33), which charac-
terize the concentration and anti-concentration properties of
the sample mean Z = 2 Y7 Z“). To this end, we introduce
the following useful lemma.

Lemma 4. Suppose ¢V,....¢™ € R™ are iid ran-
dom vectors, with zero-mean, covariance matrix A and

NIk : LY
E [HA_QC( )H ] < oo. Let ( & % > C( ), then for all t > 0,
=1

we have

P, {"I_Jvec(z - Z)H2 > 177203} < é

T 2 tr(A)
P {¢"<thz1- 22, (34)
and
2T 2 nt OO
P, {ET¢>th>1- SN (35)

where Cy > 0 is a constant independent of A and t, and \
denotes the minimum positive diagonal entry of A. In particular,
if ’C (é)H < C almost surely for some constant C' > 0, then
forall t > 0, we have

P, {{“Té < t} >1—(m+1)exp (—&) .

(36)

Proof. For the first part, note that since tr(¢" ¢) = tr(¢¢")
and COV(C) = LA, we have

T n

Then, it follows from Markov’s inequality that

B wa
t

nt

P, {1 <
which implies (34).
For the second part, to obtain (35), note that from Berry-
Esseen inequality [11] we have

P, {éTC > t} -P, {aTa > t}’ <COyn?

where we have defined the random vector a ~ N/(O, %A), and

where Cy > 0 is a constant independent of n, ¢, é .
Note that

)

P, {aTa > t} =P, {de > mf}

>P, {a? > nt} (37)
) (ﬁ) (38)
1o ”{ (39)

where @; is the i-th entry of & = /na with its variance

being the minimum positive diagonal entry of A, and where
the Q-function Q(z) = \/% [2° exp(—Lu®)du represents the
tail distribution of the standard normal distribution. We obtain
(37) from the fact that na'a > 54?, and we obtain (39) from
the fact that Q(z) > 3 — =2 i1z

Therefore, using (39), from Berry-Essen inequality we have

P, {CTC > t} >P, {aTa > t} —Cyn"?

nt _
>1—\/7—Con .

As for the last part, it follows from Chernoff bound for
random matrices [12] that

N|=

2
U 1 &
P, {¢T¢=th =P, J|I= D¢ =
r=1
3tn
<(m+1l)exp| ———
( ) p( 802)
tn
<(m+1lexp|———5 |,
( ) p( 4C2)
which implies (36). O]

Using Lemma 4, we have the following characterizations for
the probability p,,, where we have taken the mild assumption
that the noise Z) has a finite third moment.



Theorem 5. Suppose that E ||| % vee (zY — Z)H‘;’ﬂ} < oo
then for all § € (0,1), there exists ' > 0 such that for all
n € (0,n"), we have
. R
1) p, >1— lflzzz_ SW

2) p, <6, ifn > LERLD),
770'05

where R, is the minimum non-zero diagonal entry of LRL",
and L is as defined in (24). In particular, if |2 — Z||p < C
almost surely for some C > 0, we have p, < 6 for n >

SCQHLuf dmym, s s
F5ie In 5 with || - || denoting the spectral norm.
n %o

Proof. To prove that p, > 1 — ¢, for n € (0,7,), it suffices
to choose n satisfying (31)—(32). To this end, note that from
(35), we have

P, {anec@ = Z)H2 < 277203} < nao\/z?er 3%

Therefore, from (31) it suffices to have

/ 2n C )
Noor | 5— \% 9 (40)
which is equivalent to
A 2 2
7(1,8) = 67 = 16n00Coy | 57— = 0,
and
2 2
B (0= VAGLD) B (34 VH0.0)
n 3
32000 . 32000

where 7(n,d) is the discriminant for (40).

2

Note that when n < 7; = 24; 12 , we have v(n,d) > %

which implies that

(5— '7(7775))2 < f and (5+ \/’W)2 > 62,

Thus, when 1 < min {no, 71}, to obtain (31) it suffices to

choose n such that ng < n < 4ny with ng = 1;852"‘2
9o
Also, it follows from (34) that if n > 2“(R) , we have
5 2 2 5 22
P, {||z — 7% > 60} -P, Hvec( - Z)H > &
tr(R 1)
<HB) L9 (1)
neg 2
which implies (33).
In particular, when 1 < 17, 2 S /9Bu e have

1600 |/ tr(R)”
2?7(5) < ngy. Therefore, when 1 < min{ngy, n;,ns}, if n > ng

€o
we also have n > 2?75(2}{) and thus (41) holds.

Similarly, to prove that D, < 9, for n € (0,ny), it suffices
to choose n satisfying (32) and (33). For this purpose, note
that from (34), we have

5 0o 2 2

P, {HLvec(Z—Z)H2 > ; 2 2} < QtI;L(?I;l::).

Therefore, from (33) it suffices to have

2tr(ERET) )
23 <
nn oo

N 4tr(LRL )
O' 25
Moreover, from (41) we know that it suffices to choose

which is equivalent to n > ny

n > L(QR) to obtain (32). In fact, when n < 173 =
.

M, it can be verified that n, > L(;R), and thus
tr(R)og deg

1t suffices to have n > ns. Therefore, 7’ can be chosen as

1’ = min{ng, 11,72, 75}
In addition, when ||Z(f)

almost surely, we have

—Z||y < C for some constant C > 0

|Lvee(Z - )| < L. vee(Z") - 2)]
4
<ILIIZY - Z]e < C|IL],

almost surely Therefore, it follows from (36) that, if n > nj =
8C7 ”L”S (47”37”2) we have

77 Uo
{HLvec

1
H > nQUS}

2 2
nn’og )
<(mmo+1lexp| ———= | < =, (42)
and, if n > nj £ 4% 1n (‘“’Q%”“) we have
€o

5 2 2 6(2) )

P, {2~z b < 1 _ <0
n Ul ¢ > €0 < (mymg + 1) exp 102 5

In particular, when 7 < %, it can be verified that ny > ng.
0

Therefore, when 1 < min {170, %}, to obtain p,, < ¢ it

2 2
suffices to choose n such that n > nj = 8¢ 2”15“5 In (47”(1;’”2 )
n 0o
O

Remark 6. From Theorem 5, for given 0 € (0, 1), the regimes
of n for both p, > 1 — 6 and p, < § satisfy n = O(n~?),
when 1 is sufficiently small. Therefore, the number of samples
required to estimate the small singular modes, which lies in
between these two regimes, is also O(n”?).

In particular, when the noise 79 _ 7 follows a multivariate
Gaussian distribution, we have the following refined character-
ization for n.

Theorem 7. Suppose that vec(Z(e) —Z) ~N(0,R), for all

d € (0,1), there exists Tjg > 0 such that for all n € (0,7,), we
have
1)p,>1-0, if 2"’1'”2“R“b In (2’”;;"2) <n< Sy
9o

2) p, <6, ifn> 4m177:722\17[éR2HS In <2m(1sm2>’
0

where R, is as defined in Theorem 5.



Proof. To prove that p, < §, for n € (0,7y), it suffices to
choose n satisfying (32) and (33). Note that

_ " 2
P, {HLvec(Z - Z)H > t}

_ 2 RN 2
gP{HLR% (sz)H >t} (43)
_1 - 2 nt
ILR2 ||
< mymy exp (_nt_12> ) (45)
2”"1”"2”:[‘1{2 Hs

where to obtain the first inequality we have used the submul-
tiplicativity of the spectral norm, and to obtain the second
inequality we have used the fact that for an m-dimensional
standard normal vector z ~ N(0,I,,) we have

T t
]P’{z z>t}<mexp <_2m>’ t>0. 46)
In fact, note that
t
P{sz <t} Z]P’{ max 222 < }
1<i<m m
A t
=H1P{|z,;|<,/} (47)
m
i=1
o t
=[] |1-20 (M)] (48)
: m
i=1
> ﬁ 1—exp [ ——— (49)
= i P m
t
>1—mexp (—) , (50)
2m
where to obtain (47) we have used the fact that zq,...,z,,

are independent, to obtain (49) we have used the upper bound
for Q-function that Q(z) <  exp <—x—;) for x > 0 (see, e.g.,
[13, Eq. (2), Eq. (5)]), and where to obtain (50) we have used
Bernoulli inequality.

Then, it follows from (45) that

P, {HLvec(Z — Z)H2 > ;77203}

< mymgy exp <—m70012> . (51)
477117”2”]:‘1%2 ”s
Therefore, from (33), it suffices to have
nn202 é
MMy €Xp ——,012 < 5’ (52)
4WL1WL2HI‘:R2 ”s

which is equivalent to

4 L 2 2
N>y A mymy|LR2 |2 1n< m1m2>.

2 2
n 0o 0

Similarly, from (45), if n > 2Bl gy (2mms) e
have ’

P, {2 -2|; >}
—, {Jwectz - 2| >€0}

n€0 5
< <2, 53
= e ( R, ) 7 Y
and thus (32) holds.
Note that when 1 < 7j; 60”1‘%‘?“ we have

2 R, 2
2 ||51n( mgmz)_
€0

Therefore, it follows from (51)-(54) that when n <
min {ng, 7; }, to obtain p,, < § it suffices to have n > fi,.

In addition, to prove that p, > 1 — ¢, for n € (0,7g), it
suffices to choose n satisfying (31)—(32). Similarly as (39), we
have

(54)

2n

_ . 2
P, {HLvec(Z — Z)H < 277203} < nog B

Therefore, from (32), it suffices to let

2n 6

< -, 55
. . _ A &R,
which is equivalent to n < 7y £ 25
8n~oq

Moreover, from (45), if n > ng

~ 2 9
P, {Hvec(Z - Z)H > 60}

A 2mymo||R||g 2mim
A 2my %H Il 1n( (152)

€o
we have

2
negy )
< _— | < = 56
< s X ( 2m1m2||R||s> R
and thus (31) holds.
Also, if n < 7, 2 560 (mm}?”R”* In (2m3m2 % it can

be verified that n; > nO Therefore when 7 < min{r,, 772} to
obtain p,, > 1—94 it suffices to choose n such that ny < n < n;.
Finally, the 7}, can be chosen as 7y = min{7ng, 71,72 }-

O

V. APPLICATIONS

The above theoretical characterizations can be applied to
the channel state estimation problem and the HGR maximal
correlation problem, from which we can establish the criteria
in whether or not to adopt the low-rank approximation method
given the sample size.



A. Channel State Estimation

In the MIMO system with an array of m, transmit antennas
and an array of m, receive antennas, each transmission can
be modeled as

y = Hx + n,

where H € C"+ %2 represents the channel matrix, and y, x,
n represent the receive, transmit, and noise vector, respectively.
In particular, due to the large-scale of the transmit antenna
array with small spacing between antennas, the signals received
from massive antennas would have very high correlation [6]
and thus H exhibits a low-rank structure.

In practice, the true channel state H is unknown and esti-
mated by n i.id. samples, HY ... H"™, with vec(H") ~
CN(vec(H), R), where the effect from noise and interference
is modeled by circularly symmetric complex Gaussian random
variables [14] with R being the covariance matrix. Then, based
on these samples, the channel state H can be estimated by
computing the sample mean

=13 HO
n
=1

or its rank-k approximation H - Note that this is a special case
of our model, with the correspondences A = H, A=H= Z,
and 7 being the identity map. Then, we have the following
result comparing the estimation errors of H and fIk.

Proposition 8. Suppose that VeC(H(Z) —H) ~ CN(0,R), for
all § € (0,1) there exists ijy > 0 such that for all n € (0,7;),
we have
Ry,
2 2>
90

2 R 4
lf 7"1m2|| H:. mzlst

1) p, >1-6, )<n<

2) p, <96, ifn> 8m1:;12\|R Hsl (4m(15m2)’

where R’ 2 1 Re(L)R Re(L)" + 3 Im(L)RIm(L)", and Ry,
represents the minimal positive diagonal entry of R'.

Proof. First, from the fact that for any complex vector w the
norm square ||w|* = |Re(w)]||* + ||Tm(w)]|*, we have

Hflvec(ﬂ - H)H2
- HRe(E) vec(Re(H — H)) — Im(L) vec(Im(H — H))H2

+ HRe(f,) vee(Im(H — H)) + Im(L) vec(Re(H — H))Hz

| +

where w' £ Re(L) vec(Re(H—H))—Im(L) vec(Im(H—H)),
w” 2 Re(L) vec(Im(H — H)) + Im(L) vec(Re(H — H)).

Note that vec(Re(H — H)) ~ N(O,%R),vec(hn(ﬂ -

H)) ~ N(0,5-R), thus w’ and w" are both the sum of

Gaussian distributions. Therefore we have w’ ~ N(0, R’)

and w” ~ N(o, 1R’), where R' £ 1 Re(L)RRe(L )

! In(L)R Im(L) ",

To prove that p,, < §, for n € (0,1);), it suffices to choose
n satisfying (32) and (33). Note that for any constant ¢ > 0,

2
>t}

2 2
=B, {flo'|* + [l >

P, {HLvec(ﬂ _H)

2 2
<p{IR oyt R )i of
:P{Hn%(R’)iw’ 2+Hn%(R’)’%w” ’ > —nf }

IR (|
nt
< 2mymey exp <) ; (57)
4m1m2HR,||s

where to obtain the first inequality we have used the submul-
tiplicativity of the spectral norm, and to obtain the second
inequality we have used an immediate consequence of (46)
that,

{2 +[|2']]* > t} < 2mexp (—4;>, £>0, (58)

where z,z’ ~ N(0,I,,) are independent m-dimensional
standard normal vectors.
Then, it follows from (57) that

. 2 1
Pn{HLvec(H—H)H > 277203}

2 2
nmn oo
8m1m2||R's> ‘

Therefore, from (33), it suffices to have

< 0
27

which is equivalent to
YN 8m1m2”R ||sl <4m1m2>

< 2mymy exp (— (59)

2 2
nn oo

2m Mo €X _——
1 p( 8myms R

n>n2 3 5 6
n oo

Similarly, from (57), if n > 2myma | Rlls 1 (4m(1;m2), we
€0

have
P, {[f-H[; > e}

A 2 9
—-P, {Hvec(H - H)H > 60}

negy )
<2mymgexp | ———— | < =. 60
= p( 4m1m2||;R|s> 2
Note that when 1 < 7j; £ V1= le VQHEHHS, we have
2 R 4
iy > mlmgH Ils ln( m(lng)' 61)
€0

Therefore, from (59)-(61), we know that when n <
min {770, 771}, to obtain p,, < ¢ it suffices to choose n > 75.

To prove that p,, > 1 — 4, for n € (0,ny), it suffices to
choose n satisfying (31)—(32).



Similar to (39), we have

_ . 2 9
Pn{HLvec(HH)H <2n2a§} < nogy | 2L

Hence, from (32), it suffices to have

which is equivalent to n < 72} =

In addition, from (57), if n > 7,

we have
N 2 9
P {[vectiz - 1) > 3}
2

< 2mymy exp (—

R .
mﬂ”g” Ils n (4m$mz)
€0

[«

e ) 9
dmymo||5R|s ) T 2

L

and thus (31) holds. Note 1that when n < 7
% (ml’;‘éﬂR”s In (4’"3’”2 )) * it can be verified that ny >
7. Finally, 7, can be chosen as 7, = min{ny, 71, 75 }-

O

B. HGR Maximal Correlation

Given jointly distributed discrete random variables X and Y
with ranges X and Y respectively, the (generalized) Hirschfeld-
Gebelein-Rényi (HGR) maximal correlation [7]-[9], defined
as

max
f: X—=R™, g: Y—=R
E[f(X)]=E[g(Y)]=0

E[£(X) T (X)]=E[g(¥V)g" (V)]=1,,

E[fT(0g(v)]

m

is a normalized measure of the dependence between X and
Y, and the functions f and ¢ that achieve this maximal value,
called maximal correlation functions, have been shown useful
in information theory [1] and machine learning [3]. It can be
shown that the maximal correlation functions correspond to the
singular vectors of the canonical dependence matrix (CDM)
[1] Be RIMXIY of X and Y, defined as

) e Pxy(z,y) — Px (%) Py (y)
Px (z)Py (y)

where Pyxy denotes the joint distribution of X and Y.
Therefore, the HGR maximal correlation problem can be
effectively solved via estimating B. In practice, given n
i.id. samples (z'M,y™), ..., (2™, y™) with the empirical
distribution ny, the plug-in estimator for B, which we denote
by B, is

B(:E,y

) (62)

Py (x)]ﬁ y (Y)
from which the maximal correlation function can also be
effectively estimated [15].

(63)

0 5 10
x1074 x107*

n n

(a) Channel state estimation (b) HGR maximal correlation

Fig. 1: Empirical probabilities for the event that low-rank
approximation has better performance, where the curves take
the form an = ¢ for some constants ¢ > 0.

Then, given a statistical model that exhibits a low-rank
structure, the CDM B will also be a nearly low-rank matrix. In
particular, suppose that B has only k significant singular values,
an estimation of B can be obtained by using either B or its
rank-k approximation B %- Note that this is a special case of our
model, with the correspondences A = B,A = B, and’ Zoy 0
o 0 YOy forall z € X,y € Y, and with 7 being the mappmg
from the joint probability matrix [Pxy (7, )] (z.y)c|x|x|y| tO
B. Since Zg(ﬁf/) € [0, 1], we obtain the following corollary, as
an immediate consequence of Theorem 5.

Corollary 9. For given B, we have that for all § € (0,1),
there exists "' > 0 such that for all 1 € (0, T}H), we have

-6R 5°R
< ——m_
7lfl2822_

]) pn>1 — 32n7og

9
i, (o
2) po <0, ifn > 24l (A1),

where R, is as defined in Theorem 5, where L=
is as defined in (24), and where L has entries

1/ 06, 0y,
(5,, S == T + vy >
w2 (Px(fr) Py (y)

“(Pxy(z,y) + Px(z)Py(y))|-

(VIeUTD)L

1
Py () Py (y)

rr

VI

To verify the relationships between the probability p,, and
the choices of (7,n), we conduct numerical simulations for
both channel state estimation and HGR maximal correlation.

NUMERICAL SIMULATIONS

A. Channel State Estimation

In the channel state estimation problem, we set m; =
my =4, k=2 and VGC(H(i)) ~ CN(vec(diag(1,1,7n,7)),I).
For each pair of (n,n), we randomly generate the sam-
ples H(l),...,H("), and compute the difference of es-

timation errors |[H — H|3 — ||[H, — H|} from H =

2We use the Kronecker delta

s 1 ifi=]
7710 otherwise |



% i H"). This computation process is repeated for 1000
times, and the corresponding empirical probabilities of the
event < ||H — H||# — |[H;, — H||} > 0} are shown in Fig. 1a,
where the grayscale for each pixel represents the empirical
probability for given (1, n).

B. HGR Maximal Correlation

In the HGR maximal correlation problem, we set
my; = my = 4, with the joint probability matrix
[Pxy (%, Y)](z,y)cxxy constructed as

1+20c 1-20 1 1

1 11-20 1+20 1 1
16 1 1 1+2n 1-—2n
1 1 1-2n 1427

Then, it can be verified that the corresponding CDM B has the
singular values ), = o with k = 1, and | = diag(1,0,0).
In particular, in our experiment we set o = 0.05, and for each
pair of (n,n), we randomly generate n sample pairs of (z,y)
from the corresponding Pxy . Then, the difference of estimation
errors ||B— Bz — |B, — B||7 is computed from the empirical
distribution PXY of samples. This computation process is
repeated for 1000 times, with the empirical probabilities of the
event {||]§ - B|} - |B: - B} > 0} shown in Fig. 1b.

From both Fig. la and Fig. 1b, the contours of the empirical
probabilities coincide with the curves in the form nn® = ¢ (c>
0), which validates the theoretical results.
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