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Introduction



Reverse a neural network

Use X to predict Y
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What do they have in common?
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Neural network and M-projection
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P̃Y|X(y|x) ≜
efT(x)g(y)+b(y)∑

y′∈Y ef
T(x)g(y′)+b(y′)
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Maximum likelihood estimation

(f,g,b)⋆ = argmax
f,g,b

EPX,Y
[
log P̃Y|X(Y|X)

]
= argmin

f,g,b
D(PX,Y∥PXP̃Y|X)
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Generalized softmax learning

Use X to predict Y
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P̃Y|X(y|x) ∝ exp(fT(x)g(y) + b(y))

minimize D(PX,Y∥PXP̃Y|X)

Use Y to predict X
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P̃X|Y(x|y) ∝ exp(gT(y)f(x) + a(x))

minimize D(PX,Y∥PYP̃X|Y)

Generalized softmax learning

minimize D(PX,Y∥QX,Y)

QX,Y(x, y) ∝ exp(fT(x)g(y) + a(x) + b(y)) 3



Generalized Softmax Learning



Generalized softmax learning (GSL)

The M-projection of PX,Y onto

Ek ≜
{
QX,Y : QX,Y(x, y) ∝ exp(fT(x)g(y) + a(x) + b(y))

}
,

where f : X → Rk,g : Y → Rk,a : X → R,b : Y → R.

MEk(PX,Y) ≜ argmin
QX,Y∈Ek

D(PX,Y∥QX,Y),

Stationary distributions E0k: ∇ = 0

QX = PX, QY = PY,
EQX|Y [f(X) | Y] = EPX|Y [f(X) | Y] ,

EQY|X [g(Y) | X] = EPY|X [g(Y) | X] .

PXPY ∈ E0k 4



Geometric structure

Pythagorean theorem

PXPY
QX,Y

PX,Y

E0k

Ek

∀QX,Y ∈ E0k,D(PX,Y∥QX,Y) + D(QX,Y∥PXPY) = D(PX,Y∥PXPY).

PXPY ∈ MEk(PX,Y) ⇐⇒ X ⊥⊥ Y
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Geometric structure

Stationary distributions E0k

QX,Y ∈ E0k =⇒ QX = PX,QY = PY

Different distribution families

EXk

EYk

Ek

E0k

MEk(PX,Y)

• E0k : stationary distributions
• MEk(PX,Y): GSL solutions
• EXk ↔ QX,Y ∈ Ek,QX = PX
• EYk ↔ QX,Y ∈ Ek,QY = PY

MEk(PX,Y) = MEXk
(PX,Y) = MEYk

(PX,Y)
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Equivalence of softmax learning problems

Use X to predict Y↔ MEXk
(PX,Y)
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P̃Y|X(y|x) ∝ exp(fT(x)g(y) + b(y))

minimize D(PX,Y∥PXP̃Y|X)

Use Y to predict X↔ MEYk
(PX,Y)
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P̃X|Y(x|y) ∝ exp(gT(y)f(x) + a(x))

minimize D(PX,Y∥PYP̃X|Y)

Generalized softmax learning↔ MEk(PX,Y)

minimize D(PX,Y∥QX,Y)

QX,Y(x, y) ∝ exp(fT(x)g(y) + a(x) + b(y)) 7



Symmetry in neural networks

Symmetry between a network and its reverse network
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Solutions in local analysis regime

Local analysis regime
PX,Y ≈ PXPY

The B matrix

BX,Y(x, y) ≜
PX,Y(x, y)√
PX(x)

√
PY(y)

Solutions
f⋆(x) ↔ Left singular vectors of BX,Y
g⋆(y) ↔ Right singular vectors of BX,Y
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Simulation Results



Simulation

Original network
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Summary



Summary

• Equivalence of softmax learning problems
• Discriminative↔ Generative
• Asymmetric↔ Symmetric
• Symmetry in neural networks
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